While dielectric polymers exhibit diverse mechanisms of instability 20 , here we focus on electromechanical instability, assuming other mechanisms do not intervene.
Stark and Garton 21 noted that the breakdown fields of polymers reduced when the polymers became soft at elevated temperatures. These authors argued that the electric field caused the polymers to thin down, and instability occurred when the Maxwell stress exceeded the elastic stress. While this model has helped to interpret experiments 7, [22] [23] [24] , it
is unclear how the model will account for the coexistent states.
We first consider an elastomer layer in a homogeneous state, loaded by a force P and a voltage Φ (Fig. 1 At a fixed temperature, let ( ) 
To ensure that the state satisfying (1) Fig. 2b To picture the physical origin of the non-convex free energy, we next prescribe a material model. For an isotropic elastic dielectric, the free energy is a function of the six invariants of the state of deformation and polarization [9] [10] [11] [17] [18] [19] 
In writing (2), we have also assumed that the elastomer is incompressible. The term 0 W is the elastic energy of an elastomer under no electric field; see reviews 27, 28 . We adopt a series expression developed by Arruda and Boyce 
where μ is the small-strain shear modulus, I is the sum of the square of principle stretches, and N is the number of rigid molecular segments in a polymer chain between crosslinks. Thus, 1/N measures the degree of crosslink. Expression (3) has been tested for diverse elastomers, large deformation, and many states of stress.
28,29
We next apply our theory to the ideal dielectric elastomer. When the state of elastomer is described by two variables λ and D , recalling that 
I
, we specialize (1) to
In the expression for s, it is customary to call the first term the elastic stress and the second term the Maxwell stress. We will refrain from doing so because this separation results from an idealized material model (3); in general, the separation has no theoretical significance.
Once again assume that the elastomer is subject to no external force, 0 = s .
, the degree of crosslink is low, and (3) recovers the neo-Hookean law, 
The function ( )
is monotonic (Fig. 3a) , as expected. Figure 3b shows that the function ( ) D E~ has a peak: the left side of the curve in Fig. 3b corresponds to a convex part of the free energy, and the right side corresponds to a concave part of the free energy. The true electric field is
, and the function ( ) D E~ is monotonic (Fig. 3c) . The behavior sketched in these figures is qualitatively the same as that described by Stark and Garton 21 , even though the functional form in their paper is very different from (5). The model suggests that if a spot of the elastomer thins down to a critical thickness, the spot should thin down further without limit.
The shape of the curve in Fig. 3b for the neo-Hookean material (
however, is an exception rather than a rule. When N is finite, multiple terms in (3) are needed, leading to a much stiffer behavior as 0 → λ . Figure 3b plots , the function ( ) D E~ has the same shape as in Fig. 2d . This shape is expected for most commonly used dielectric elastomers, given the large range of N.
Our theory can be extended to other loading conditions. As an illustration, let P s be the nominal stress applied biaxially in the plane of the elastomer layer. In terms of the through-thickness stretch λ , the in-plane stretch is 2 / 1 − λ , so that the free energy becomes
. For a fixed value of N and P s , the two coexistent states are subject to the same voltage, but have different true electric fields. In experiment, the true electric field in the thin state may exceed the electric breakdown strength. As show in Fig. 4 , imposing a biaxial stress significantly reduces the true electric field in the thin state, and may enable the two states to coexist. Furthermore, for a given N, the electromechanical instability can be averted when the biaxial stress is large enough. These conclusions are consistent with the experimental observations 7 .
In summary, we have specified a material model that is consistent with the available experimental data, and shown the free energy of commonly used dielectric elastomers is non-convex, leading to coexistent states and hysteresis in elastomer layers.
The theory also directs attention to several topics ripe for exploration. While we have explained the coexistence of flat and wrinkled states, we have not included wrinkles explicitly in our theory. When molecular groups in an elastomer can polarize nearly as freely as in liquids, e.g., when the degree of crosslink is low and the deformation is well below the fully extended limit, the dielectric behavior of the elastomer is expected to be liquid-like. It will be interesting to investigate how well the ideal dielectric elastomer represents a real one. The large flow of charge associated with the change of states may also lead to interesting applications. We hope more refined experiment and theory will soon succeed in these explorations. 
